We study the orbital magnetic susceptibility of a two-dimensional cone of Majorana modes localized at the surface of a three-dimensional time-reversal invariant topological superconductors belonging to class DIII. A field parallel to the surface introduces a tilting term in the surface Majorana Hamiltonian and a finite current flows for field larger than a critical threshold field H * , that leads to an additional diamagnetic contribution to the surface magnetization. On a curved surface the tilting term acquires a contribution proportional to the Majorana spin connection and a finite frequency orbital magnetic susceptibility arises, that allows detection of Majorana modes through application of time-dependent magnetic fields.
We study the orbital magnetic susceptibility of a two-dimensional cone of Majorana modes localized at the surface of a three-dimensional time-reversal invariant topological superconductors belonging to class DIII. A field parallel to the surface introduces a tilting term in the surface Majorana Hamiltonian and a finite current flows for field larger than a critical threshold field H * , that leads to an additional diamagnetic contribution to the surface magnetization. On a curved surface the tilting term acquires a contribution proportional to the Majorana spin connection and a finite frequency orbital magnetic susceptibility arises, that allows detection of Majorana modes through application of time-dependent magnetic fields.
Introduction.-Topological Superconductors (TSCs) are a very promising state of matter in which a superconducting topological gap that opens in the system bulk and it leads to the confinement at the surface of unconventional Andreev states named Majorana states [1] [2] [3] . Majorana modes constitute a particular class of topologically protected surface excitation appearing at the boundary of topological states of matter [4] [5] [6] [7] [8] [9] [10] [11] , and they represent one of the basic resources in topological quantum computation [12] [13] [14] . In class DIII topological superconductors in three dimensions [15] [16] [17] [18] [19] Majorana modes form a time-reversal invariant (TRI) Dirac cone in the basis of Majorana Kramers partners. A novel class of material based on doped Bi 2 Se 3 Topological Insulators (TI) [20] [21] [22] [23] has been suggested as a candidates that may realize odd-parity, TRI topological superconductivity [24] [25] [26] [27] [28] [29] [30] [31] . Majorana zero energy states are charge neutral equal superposition of particle and hole states and they do not couple to the electromagnetic field. Due to their charge neutrality and their localized character, most of the theoretical proposal and the experimental efforts to detect Majorana states have focused on local spectroscopy, Josephson effect, and interferometry, as a proof of their existence [32] [33] [34] . Their presence is expected to produce a strongly anisotropic spin susceptibility [35] .
Recently, the authors have shown that a coupling to a vector potential can arise at finite momentum and finite energy [36] . In a planar geometry a magnetic field laying in the surface produces a tilting of the Majorana cone along the direction in momentum space orthogonal to the applied field. Furthermore, when Majorana modes are confined on a curved surface an additional coupling of geometric origin arise that involves the Majorana spin connection [36] . The latter generates finite matrix elements between empty and occupied states of the surface Majorana cone and a finite response is expected, that can allow detection of Majorana modes through application of time-dependent orbital magnetic fields.
In this work we study the orbital susceptibility and the frequency dependent response of a Majorana cone localized at the surface of a class DIII three-dimensional topological superconductor. The tilting term introduced by the external field defines a threshold field H * for which a structural change of the Majorana cone takes place and the Majorana dispersion becomes flat along the tilting direction. We find the for H > H * a finite Andreev current start to flow carried by Majorana modes. The Andreev current adds to the supercurrent and participates to Meissner screening of the external field by generating an additional surface diamagnetic magnetization. For small band-gap doped Dirac insulators characterized by odd-parity SC, such as the A 1u phase predicted in Bi 2 Se 3 [24] , the value of H * can fall in the Meissner phase for strong doping. In systems characterized by a finite surface curvature we find that the emergence of the Majorana spin connection in the tilting term gives rise to a finite frequency orbital susceptibility in response to a time-dependent magnetic field. Our findings acquires a universal character in finite geometries and open the way to detection of Majorana states via thermodynamic bulk measurements, in contrast with the widely used local spectroscopy probes.
The system.-We start our analysis by considering a specific example of an odd-parity superconductor realized in doped Topological Insulator, such as the one proposed for doped Bi 2 Se 3 [24] . The mean field Hamiltonian in the Nambu basis ψ k = (c k , is y c † −k ) T , with c k,s,i a fermionic state of momentum k, spin s, and p z -like orbital i, reads
where σ i are Pauli matrices spanning the two-fold orbital space, m is the insulating band-gap and v the Dirac velocity. The Hamiltonian Eq. (1) is time-reversal invariant, with T = is yK andK complex conjugation, centrosymmetric, with P = σ x the parity operator, and it has a full bulk gap of size ∆ on the Fermi surface. The system realizes a TSC belonging to class DIII and hosts a surface Majorana cone localized by at the boundary of the system. By confining the system in the region z > 0, a zero energy Majorana Kramers pair is found at k x = k y = 0, ψ α (z) = |α φ(z) [37] , with
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where the matrices α i are the Pauli matrices in the basis |ψ α and the velocity of the Majorana modes is v ∆ vm∆/µ 2 [37] . It follows that the strength and sign of the velocity v ∆ depends on the topological character of the doped insulator.
Coupling to the magnetic field.-The presence of an external magnetic field is accounted for by a minimal coupling substitution in the Nambu basis p → p + eA(r)τ z . For small field we neglect the dependence of the gap on the position and the resulting coupling Hamiltonian reads
If we take the matrix element of the interaction Hamiltonian on the states Eq. (2) we find ψ α |H A |ψ α = 0. A non-zero coupling occurs at finite momentum. We then split the Hamiltonian Eq. (1) in three terms,
, the effective interaction with the magnetic field at small momentum can be written as
., that amounts to
where
, and we used a gauge for which ∇ · A = 0. The spin operator S appearing in Eq. (5) is S = (σ x s x , σ x s y , s z ) and corresponds to the correct spin operator that behaves as a pseudo-vector under the point group D 3d operations that characterize the Hamiltonian Eq. (1) [38] .
When an external field is applied to the system Meissner screening forces the external field to lay in the plane defined by the surface of the system. In the Landau gauge the vector potential corresponding to the bulk screened field reads A = (0, Hλe −z/λ , 0). For an in-plane field the matrix elements of the Zeeman coupling are zero on the Majorana Kramers pair Eq. (2). The only component of the field that can couple to the Majorana Kramers pair is that one perpendicular to the surface [35] , that opens a gap in the spectrum. The full Hamiltonian projected on the Majorana cone reads
where the magnetic field dependent velocity v H , in the limit where λ ξ z , is given by v H = λeHv 2 /(µ − m), where we remind the m < 0. Expanding in ∆ |m| < µ and defining m * = µ/2v 2 and ξ = v/∆, we can write the field dependent velocity as v H = eHλ/m * . We then find that the threshold tilting field takes the vale
with η = |m|/µ. In the second equality we express the threshold field in terms of the thermodynamic critical field [39] , that for type II superconductor lays between the lower and upper critical fields, H c1 < H c < H c2 [39] . By tuning η the threshold field can be shifted in the Meissner phase.
Andreev current.-The spectrum of the surface Majorana Hamiltonian has two branches, k,± = ±v ∆ + v H k y . At H = H * one of the two branches, k,− , becomes flat along the line k x = 0 and a structural change of the dispersion takes place, that is characterized by a formally diverging number of states at zero energy [36] . The current operator is obtained by the usual relation j i = ∂H BdG /∂A i . At zero temperature the Andreev current density carried by the Majorana modes is given by
where the Θ-function restricts the integral to the occupied states. For H < H * there are as many occupied states at positive k y as at negative k y , so that the current is zero. On the other hand, an Andreev current will flow for H > H * . The tilting takes below the Fermi level previously occupied states which lie within an angular sector −φ * ≤ φ ≤ φ * , with φ * = cos
that predicts an abrupt diamagnetic signal as H * is approached. Formally, the derivative with respect to H of j A y (z) diverges at H = H * , as result of the structural change of the band structure in which the zero energy level becomes macroscopically occupied.
Orbital Magnetic Susceptibility.-In order to understand what is the effect of the Andreev current carried by the Majorana modes for H > H * , we have to self-consistently solve for the vector potential. We assume Meissner screening acting locally in the bulk following the dependence j 
The amplitude of j A y in Eq. (9) depends non-linearly on the vector potential at the surface A y via the velocity v H = e A y (0) /m = e(A 0 + A 1 /2)/m and the problem amounts in solving the following non-linear equation
The magnetization of the system is calculated through the Gibbs free energy of the system [39] , 
From Eq. (10) we have that the dependence on A 0 drops from Eq. (11). Defining a 1 = A 1 /(ξH * ) and h = H/H * ,
For H > H * we choose the solution of A 1 that goes to zero at H = H * . In a perturbative scenario, 1, A 1 is positive and its derivative is finite at H * and decreases with increasing H. It follows that the system develops an additional diamagnetic signal in the form of a negative jump at H = H * dominated by H∂A 1 /∂H. More informations can be obtained by studying the susceptibility χ = ∂M/∂H that, to lowest order in ξ/λ, reads
with χ 0 = ∂ H M 0 the bare susceptibility. Formally, the susceptibility negatively diverges at H = H * as a result of the diamagnetic jump in δM . In Fig. 1a) we plot δχ for different values of η. In the perturbative case = 0.4 (η = 0.5) we see that δχ shows a positive peak at H * , that is due to the strong increase of the current for H > H * . Upon increasing the non-linear character of δM fully manifests and δχ turns into a negative broad dip at H = H * . Curvature effects -In a previous work [36] we showed that the effective Hamiltonian Eq. (6) acquires an additional term on the surface of a sphere that involves the spin connection of the Majorana modes. In spherical geometry it is possible to choose the self-consistent vector potential to have only non-zero azimuthal component A =φA φ (r), with ∇ · A = 0. Introducing Dirac matrices γ i ≡ (γ 0 , γ 1 , γ 2 ) = (−iα z , α y , −α x ), the Hamiltonian Eq. 
, and e i µ ≡ ∂x i /∂x µ . We refer to Ref. [36] for details of the surface Majorana equation in presence of magnetic field and curvature. The surface Hamiltonian is
with h = H/H * , (Ĥ 0 ) l,α;l ,α = α(l + 1/2)δ l,l δ α,α , and the only non-zero matrix elements ofĤ 1 are given by
with l = 1/2, 3/2, . . . and |m| ≤ l. For small field we can calculate the correction to the total energy at second order in perturbation theory. Summing over occupied states with |m| l and l l max k F R we find δE ∝ − 2 3 ∆(H/H * ) 2 . Thus, the bare surface response is paramagnetic and given by
that diverges at the critical temperature as 1/∆ ∝ 1/ 1 − T /T c (where
The susceptibility beyond perturbation theory can be calculated by diagonalization of the full surface Hamiltonian. Introducing the eigenvalue n,m ofĤ(h), we define the adimensional susceptibilitȳ
from which it follows the zero-field susceptibility
Once again, the total current is the sum of the bulk contribution, that depends on the full self-consistent vector potential, and the Andreev contribution. The latter is given by the expectation value on the occupied states ofĤ 1 and, through the HellmannFeynman theorem, it can be written as
where the Andreev bound state wavefunction can be approximated to φ(r) = exp((r − R)/ξ)/ ξR 2 for ξ/R 1. Maxwell equations then allow us to set
dh χ(h )/4, with given in Eq. (13). Maxwell equations also fix a constraint between the external field H and the vector potential on the surface. For simplicity we can choose the same constraint Eq. (10) that applies to the planar boundary (see Supplementary Material [42] for a discussion). This way, Eq. (12) applies and it predicts an additional diamagnetic contribution δM to the magnetization that arises due to the Andreev current. This is understood by the fact that the orbital current generated in response to a field tends to screen the applied field and produce a diamagnetic signal. In particular the susceptibility for ξ λ reads
up to a correction on order of hχ that is negligible at small field. We find thatχ has a very weak dependence on h, so that susceptibility does not depend on the field and can be approximated with its zero field valuē χ(0) = 2/3. We clearly see that Meissner screening results in an additional diamagnetic contribution that is due to the surface. The amplitude of the additional signal is controlled by , that in turn is inversely proportional to η = |m|/µ, that can be tuned through doping. Finite frequency response.-Finally, we address the response of a time-dependent perturbation. We assume that a small external field probes the system at frequency ω, δH(t) = δH cos(ωt). The finite frequency susceptibility in linear response theory is given by
, eigenstates ofĤ 0 with eigenvalue α l = α(l +1/2)∆/(k F R), and |Υ α lm [36] . Summing over states with |m| ≤ l and l < l max k F R, for large k F R we find that the suscpetibility is approximated by
In Fig. 1b) we show the real and imaginary part of the susceptibility as a function of the frequency. On top of the envelop provided by Eq. (24), the susceptibility shows fast oscillations that reflect the discrete nature of the spectrum, with level spacing ∆/k F R. We then see that by irradiation with a time-dependent field the Majorana cone responds with a finite signal and that a detection of Majorana modes becomes at reach on a curved geometry.
Conclusions.-In this work we presented an analysis of the orbital magnetic response of a 2D cone of Majorana modes in class DIII topological superconductors. The applied field gives rise to a tilting of the Majorana cone that results in an excess Andreev current beyond a threshold field H * and an associated additional diamagnetic magnetization. On a curved surface the tilting term acquires a contribution involving the Majorana spin connection, that couples positive and negative energy states. A finite orbital susceptibility arises at finite frequency in response to a time-dependent magnetic field. Our findings open the way to detection of Majorana modes by thermodynamic bulk observables.
TYPE I VS TYPE II
In the main text we considered a type II superconductor characterized by λ/ξ 1, from which it results that the threshold field is on order of the critical thermodynamic field. We now make a comparison with type I superconductors.
The full induction field h decays in the bulk by virtue of the dissipationless current that flows at the boundary of the system and screens the external field. We can fix the gauge by requiring the vector potential to satisfy
with λ the penetration depth, so that we can choose A y (z) = Hλe −z/λ . Considering both cases of type I and type II superconductors, satisfying λ ξ and λ ξ respectively, we find
where we assumed that λk F 1 and ξk F 1. This way, the threshold tilting field is found to be
For type I superconductor the threshold field is larger than the thermodynamic critical field H c = Φ 0 /(2π √ 2ξλ) so that it is unaccessible for the BW state and it can be reached only for doped TI's characterized by η 1. In the case of type II we find that the threshold field is actually given by H * = 2 √ 2H c , that is usually quite smaller than the upper critical field H c2 , H c /H c2 = √ 2κ, with κ = λ/ξ the Ginzburg Landau parameter. In terms of the lower and upper critical fields H c1 and H c2 , the critical tilting field can be expressed as the geometric mean of the two critical fields
Recalling that the Meissner state is valid for fields up to H c1 = H c π log(κ)/ √ 24κ, it becomes clear that the regime for which the tilting of the cone becomes relevant is the mixed vortex state for the BW state and only for doped TI with odd-parity SC characterized by η 1 the threshold field becomes accessible in the Meissner state.
GEOMETRY DEPENDENT SCREENING
We now consider the screening of an external field H by type II superconductors of several different geometries. In general we have to solve a boundary problem, inside the boundary the vector potential A has a mass term 1/λ 2 and outside the boundary the mass term is zero. The vector potential can always be chosen to satisfy ∇ · A = 0.
For the cylinder configuration we can choose the vector potential to be purely azimuthal, A =φA φ (r). We then have to solve the following problem
with A and C real coefficients. By matching the solutions at r = R we find
The full induction field then reads
wherer andθ are unit vectors along the radial and polar directions, respectively.
SCREENED SUSCEPTIBILITY
Analogously to what we have done for the planar geometry we now estimate the screened susceptibility, taking into account the Meissner screening. First of all, we need to calculate the current. This is done by taking the matrix element of the current operator between the occupied eigenstates of the system. Neglecting the tilting of the bands, we write the Hamiltonian aŝ
and y = A(R)/(λH * ), with A(R) the value of the azimuthal fully self-consistent vector potential of the sphere surface.
The Andreev current is obtain by expressing the action of the current operator on the surface state wavefunction. Its generic expression
can be assumed to acquire the form j A (r) = j A (r) sin θφ and j A (r) can be expressed through the matrixĤ 1
with |Θ m,n the full eigenstates ofĤ(y) with eigenvalues m,n , θ(− ) the Fermi function at zero energy, and φ(r) the Andreev state wavefunction. We then introduce a dimensionless susceptibilitȳ
Through application of the Hellmann-Feynman theorem we have that the Andreev current can be written as
The total current then reads
and has to satisfy the Maxwell equation 
Clearly, the self-consistent vector potential assumes a form A(r) = A 0 (r) + A 1 (r), with A 0 (r) = A 0 f (r), where f (r) = −Im[y −2 (ir/λ)]e −R/λ > 0 and y ν (z) is a spherical Bessel function of the second kind.
To simplify the problem we assume the Andreev wavefunction to have the form |φ(r)| 2 = 2u(r)/(ξ 2 R),
with u(r) = −Im[y −2 (2ir/ξ)]e −2R/ξ . This way, A 1 (r) = A 1 u(r) and we find
Matching the vector potential and its derivative with their respective forms valid r > R at the sphere boundary r = R we find A 0 = 3HR − 2A 1 (2u(R) + Ru (R)) 2(2f (R) + Rf (R)) .
For R λ, ξ we can approximate −Im[y −2 (z)] ∼ e z /(2z) that yields the relation
This expression provides a constraint that binds A 0 and A 1 on the surface of the sphere. As for the case of the planar geometry we find that the Andreev current reduces the amplitude of the screening term A 0 . Finally we need to calculate the Gibbs free energy. By integration by parts it can be written as
and we can approximate it as
with the vector potential at the boundary given by A(R) = (A 0 λ + 2A 1 /ξ)/(2R 
At this point we define y = 3h/2 − a 1 /2 and obtain an implicit equation 
that shows a diamagnetic correction to the susceptibility and agrees well with the result Eq. (20) obtained with a simplified model.
